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Singular cardinals

Combinatorial properties of singular cardinals are
somewhat special.

[∀n < ω(2ℵn < ℵω)] =⇒ 2ℵω < ℵω4 .

This celebrated theorem of Shelah is an example of a
compactness behaviour. There are many compactness
theorems about singular cardinals, some more mentioned
below. ℵ0 is also very special, often because of the
compactness. This is visible from the compactness of the
first order logic.

Question Is there a compact logic associated to singular
cardinals ?
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Mirna Džamonja
(in joint work with
Jouko Väänänen,
with Will Boney
and Stamatis
Dimopoulos )

Motivation and the
project

Infinitary Logic

Chain Logic, our
first candidate
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Dž. and Väänänen

Theorems

Keisler’s ordered
logic

Keisler’s ordered
logic

Keisler’s ordered
logic

Keisler’s ordered
logic

Keisler’s ordered
logic

Keisler’s ordered
logic

Singular cardinals

Combinatorial properties of singular cardinals are
somewhat special.

[∀n < ω(2ℵn < ℵω)] =⇒ 2ℵω < ℵω4 .

This celebrated theorem of Shelah is an example of a
compactness behaviour. There are many compactness
theorems about singular cardinals, some more mentioned
below. ℵ0 is also very special, often because of the
compactness. This is visible from the compactness of the
first order logic.

Question Is there a compact logic associated to singular
cardinals ?



Singular Compact
Logics

Mirna Džamonja
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The present project
The project is to try to get combinatorial theorems about
singular cardinals such as iω as consequence of
compactness at a singular cardinals of strong logics,

known or to discover.
So let us fix a singular strong limit cardinal κ of cofinality
ω (less suffices). Here are a couple of known theorems to
try to obtain as a test:

Theorem
(Erdös-Tarski 1949) If a Boolean algebra has an antichain
of any size < κ, then it has an antichain of size κ.

Shelah’s Singular Cardinal Compactness theorem, or just
some consequences of it, such as:

Theorem
(Shelah) If every subset of size < κ of a graph G of size κ
has the coloring number ≤ λ < κ, then so does G.
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Some open questions about the singulars
A question that came from work related to Vaught’s
conjecture:

Question
If a complete Lω1,ω-sentence has a model of size ℵn for
every n, does it then have a model of size ℵω?

A well known question coming from Shelah’s work:

Question
If every subset of of size < κ of a graph G has the
chromatic number ≤ λ < κ, then so does G.
Or question of a conjecture in Banach spaces (is this
known?)

Question
If a Banach space has a biorthogonal sequence of ever
length < κ, then it has a biorthogonal sequence of length
κ.
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Mirna Džamonja
(in joint work with
Jouko Väänänen,
with Will Boney
and Stamatis
Dimopoulos )

Motivation and the
project

Infinitary Logic

Chain Logic, our
first candidate
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Larger cardinals

The beginning is to consider logics of the form Lκ,λ:

conjunctions of length < κ and iterations of
< λ-quantifiers. So, the first order logic is Lω,ω. The
question is to find pairs κ, λ which give the nice properties
that we have for Lω,ω: completeness, compactness etc.

This was an important research topic in the 1960s and
1970s. Basically it was found that if we want to recover
the properties for κ, λ regular, most often we need to work
with κ = λ some large cardinal, except for e.g. Lω1,ω

which satisfies completeness, but not compactness.

Lω1,ω has had a revival, for example because of its
recently discovered connections with the complex field
with exponentiation (Zilber). Keisler wrote a book on Lω1,ω

in 1971, continued by Dickmann on Lκ,ω in 1985. Barwise
and Feferman wrote a monograph in 1985.
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that we have for Lω,ω:

completeness, compactness etc.

This was an important research topic in the 1960s and
1970s. Basically it was found that if we want to recover
the properties for κ, λ regular, most often we need to work
with κ = λ some large cardinal, except for e.g. Lω1,ω

which satisfies completeness, but not compactness.

Lω1,ω has had a revival, for example because of its
recently discovered connections with the complex field
with exponentiation (Zilber). Keisler wrote a book on Lω1,ω

in 1971, continued by Dickmann on Lκ,ω in 1985. Barwise
and Feferman wrote a monograph in 1985.
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Dž. and Väänänen

Theorems

Keisler’s ordered
logic

Keisler’s ordered
logic

Keisler’s ordered
logic

Keisler’s ordered
logic

Keisler’s ordered
logic

Keisler’s ordered
logic

Larger cardinals

The beginning is to consider logics of the form Lκ,λ:
conjunctions of length < κ and iterations of
< λ-quantifiers. So, the first order logic is Lω,ω. The
question is to find pairs κ, λ which give the nice properties
that we have for Lω,ω: completeness, compactness etc.

This was an important research topic in the 1960s and
1970s.

Basically it was found that if we want to recover
the properties for κ, λ regular, most often we need to work
with κ = λ some large cardinal, except for e.g. Lω1,ω

which satisfies completeness, but not compactness.

Lω1,ω has had a revival, for example because of its
recently discovered connections with the complex field
with exponentiation (Zilber). Keisler wrote a book on Lω1,ω

in 1971, continued by Dickmann on Lκ,ω in 1985. Barwise
and Feferman wrote a monograph in 1985.



Singular Compact
Logics

Mirna Džamonja
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Some large cardinals

Say that a set of sentences is κ-satisfiable iff every
subset of size < κ has a model.

Tarski (1962) defined a strongly compact cardinal to be
an uncountable κ such that every κ-satisfiable set of
Lκ,κ-sentences is satisfiable.

As we know, strong compactness is a large cardinal
notion, equivalently defined in various other ways.

Tarski (1962) also defined a weakly compact cardinal to
be an uncountable κ such that every κ-satisfiable set of
Lκ,κ-sentences involving at most κ non-logical symbols, is
satisfiable.

Another large cardinal notion, of course. So hopeless for
singular compactness.
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From countable to cofinality ω

Carol Karp in 1959 had the idea that we should change
the models, not just the sentences. She introduced the
chain logic which a version of Lκ,κ for κ singular, but with
the notion of what is a model, changed.

A chain model of size κ is an ordinary model of size κ
along with a decomposition of it into an increasing union
of submodels of length cf(κ). We may concentrate on the
case that:

cf(κ) = ω

the chain consists of sets of strictly increasing
cardinalities.

A typical chain model A with decomposition 〈An : n < ω〉
is denoted by (An)n. It is mostly interesting when κ is a
strong limit and 2|An| < |An+1|.
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of submodels of length cf(κ). We may concentrate on the
case that:

cf(κ) = ω

the chain consists of sets of strictly increasing
cardinalities.

A typical chain model A with decomposition 〈An : n < ω〉
is denoted by (An)n.

It is mostly interesting when κ is a
strong limit and 2|An| < |An+1|.
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Chain decomposition and satisfaction
In order to define the logic of chain models we need to
change the definition of |=,

defining the new notion |=c ,
given as follows, for formulas ϕ(x̄) of Lκ,κ (so x̄ is a
sequence of length < κ):

“(An)n |=c ∃x̄ϕ(x̄)” iff there is n such that “An |= ∃x̄ϕ(x̄)”.

There is a natural way to define a logic out of this, which
we denote by Lc

κ,κ. Karp and Cunnigham in the 1960s
proved that Lc

κ,κ satisfies Completeness, and other nice
properties, such as the Downward (to κ)
Lowenheim-Skolem theorem.

Example
Consider the sentence “< is a well order”. Construct a
chain model of this sentence which is not a real model by
taking increasing blocks of size i1,i2 etc. but putting
them below each other.

The spirit here is that Lc
κ,κ behaves very much like Lω1,ω.
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Mirna Džamonja
(in joint work with
Jouko Väänänen,
with Will Boney
and Stamatis
Dimopoulos )

Motivation and the
project

Infinitary Logic

Chain Logic, our
first candidate
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Mirna Džamonja
(in joint work with
Jouko Väänänen,
with Will Boney
and Stamatis
Dimopoulos )

Motivation and the
project

Infinitary Logic

Chain Logic, our
first candidate
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Scott-like analysis
In joint work with Väänänen in 2011, we analysed the
family of chain models coded as the elements of the
topological space κω, κ strong limit, cf(κ) = ω

(as well as
other cofinalities).The orbit of a chain model coded by
f ∈ κω is the set of all g which code models
chain-isomorphic to the model. Our main theorem is :

Theorem
The orbit of a chain model A is always a Σ1

1set. The orbit
is ∆1

1 if and only if there is a tree T of height and size κ
with no branches of length κ such that for any chain
model B, player I has a winning strategy in EFDc,<κ

T (A,B)
if and only if A ≈c B.

This theorem completed the classical analysis of the
chain logic and found applications in generalised
descriptive set theory through the work of Moto Ross et
al.
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Second order incompactness

We have studied the second order or restricted second
order versions of Lc

κ,κ since the applications are
sometimes expressed in that way.

Set variables bounded
by an element of a chain.

Theorem
Second order logic is not countably compact even in
chain models.
Proof by constructing a counterexample using the notion
of a well order.
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sometimes expressed in that way. Set variables bounded
by an element of a chain.

Theorem
Second order logic is not countably compact even in
chain models.
Proof by constructing a counterexample using the notion
of a well order.
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Dž. and Väänänen

Theorems

Keisler’s ordered
logic

Keisler’s ordered
logic

Keisler’s ordered
logic

Keisler’s ordered
logic

Keisler’s ordered
logic

Keisler’s ordered
logic

Chu transforms to compare logics

Definition A Chu space is a triple (A, r ,X )

where A is a
set of points, X is a set of states and the function
r : A× X → {0,1} is binary relation.
A Chu transform between Chu spaces (A, r ,X ) and
(A′, r ,′ X ′) is a pair of functions (f ,g) where f : A→ A′,
g : X ′ → X and which satisfies the adjointness condition
r ′(f (a), x ′)) = r(a,g(x ′)).

We consider Chu spaces (L, |=,S) where L is a set of
sentences closed under conjunctions, S a set or a class
of structures of the same signature as the sentences in L
and |= a relation between the elements of S and the
elements of L, whose interpretation is a satisfaction
relation which satisfies Tarski’s definition of truth for the
quantifier-free formulas.
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Using Chu in abstract logic

Definition We say (L, |=,S) ≤ (L′, |=′,S′)

if there is a Chu
transform (f ,g) between (L, |=,S) and (L′, |=′,S′) where f
preserves the logical operations and such that the range
of g is dense in the following sense

for every φ ∈ L for which there is s ∈ S with s |= φ,
there is s ∈ ran(g) with s |= φ.

As an example, any g which is onto will clearly satisfy the
density condition.

Theorem Suppose that (L, |=,S) ≤ (L′, |=′,S′) and
(L′, |=′,S′) is compact. Then so is (L, |=,S).
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Incompactness for chains
Theorem (1) (Lκ,ω, |=,M) ≤ Lc,w

κ,κ .

(2) If κ is a strong limit cardinal then
(Lκ,ω, |=,M≥κ) ≤ Lc

κ,κ.

Proof.
(1) Let f be the identity function and let
g((Mn)n<ω) =

⋃
n<ω Mn. Notice that g is onto.

(2) The same pair (f ,g) will still be a Chu transform, but it
is not immediate that g satisfies the density condition, as
it now acts only on proper chain models, so of size κ or
some other singular cardinal of countable cofinality.
The conclusion uses a Downward Lowenheim-Skolem
theorem for Lκ,ω (Theorem 3.4.1 in Dickmann’s book):
Lemma Assume that κ is a strong limit cardinal. Then
any sentence ϕ of Lκ,ω that has a model of size ≥ κ also
has a model of size κ.
The lemma implies the density of g, since any model of
Lκ,ω size κ can be represented as a proper chain model
and the two will satisfy the same sentences.
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The incompactness of Lc
κ,κ

The argument with Chu transforms gives the
incompactness of Lw ,c

κ,κ but not of Lc
κ,κ, because of the lack

of an Upwards LS. However,

Theorem Lc
κ,κ is not κ-compact.

We shall construct a set Γ of Lc
κ,κ-sentences which is

(< κ)-satisfiable but not κ-satisfiable.

Lemma There is a Lκ,ω1-sentence θ in the language
consisting of one binary predicate <∗ whose models are
exactly the models of size κ where <∗ is a well order of
the domain of order type κ.

Proof.
By singularity, it suffices to find a Lκ+,ω1-sentence θ.

<∗ is a linear order (this is a first order sentence),
<∗ has no strictly decr. ω-seq. (in Lω1,ω1),
every x has < κ many predecessors in <∗.
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Mirna Džamonja
(in joint work with
Jouko Väänänen,
with Will Boney
and Stamatis
Dimopoulos )

Motivation and the
project

Infinitary Logic

Chain Logic, our
first candidate
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Dž. and Väänänen

Theorems

Keisler’s ordered
logic

Keisler’s ordered
logic

Keisler’s ordered
logic

Keisler’s ordered
logic

Keisler’s ordered
logic

Keisler’s ordered
logic

The incompactness of Lc
κ,κ

The argument with Chu transforms gives the
incompactness of Lw ,c

κ,κ but not of Lc
κ,κ, because of the lack

of an Upwards LS. However,

Theorem Lc
κ,κ is not κ-compact.

We shall construct a set Γ of Lc
κ,κ-sentences which is

(< κ)-satisfiable but not κ-satisfiable.

Lemma There is a Lκ,ω1-sentence θ in the language
consisting of one binary predicate <∗ whose models are
exactly the models of size κ where <∗ is a well order of
the domain of order type κ.

Proof.
By singularity, it suffices to find a Lκ+,ω1-sentence θ.

<∗ is a linear order (this is a first order sentence),
<∗ has no strictly decr. ω-seq. (in Lω1,ω1),

every x has < κ many predecessors in <∗.



Singular Compact
Logics

Mirna Džamonja
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continued ...

Γ is in the language {<∗} ∪ {cα : α < κ} ∪ {d} as

Γ = {θ} ∪ {cα <∗ cβ : α < β < κ} ∪ {cα <∗ d : α < κ}.

If Γ0 ⊆ Γ of size < κ, any model M of θ gives a model of
Γ0 by interpreting the relevant cα as the α-th element of
M in the well order provided by <∗ and d as any element
of M which is of large order in M than any of these
relevant cαs. This model is also a chain model, since all
sentences in Γ0 are quantifier-free. But, Γ does not have
any models or chain models.
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Ordered logic

Keisler 1968 and Fuhrken 1965 discovered two logics
which are compact for singular cardinals.

Definition (1) The κ-like logic Ll,κ is a first order logic
given in a countable relational language L with a
distinguished binary relation symbol l, with models those
models of L where the interpretation of l is a linear order
in which every element has < κ predecessors. Such
models are called κ-models.
(2) The logic L(Qκ) is the ordinary first order logic
enriched with a new quantifier Qκ interpreted as “there
exist at least κ”.

Theorem [Keisler 1968, Fuhrken 1965 for cf(κ) > ω] If κ
is a strong limit singular, then both Ll,κ and L(Qκ) are
compact.
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Mirna Džamonja
(in joint work with
Jouko Väänänen,
with Will Boney
and Stamatis
Dimopoulos )

Motivation and the
project

Infinitary Logic

Chain Logic, our
first candidate
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Keisler’s ordered
logic

We are studying combinatorial consequences of these
compactness statements.

We are studying more complex versions of chain logic
where instead of a chain we allow a system of models.

We are studying mixing such logics with Keisler’s logic.
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